Mathematics QS 025

Chapter 5 : Vectors

LECTURE 10F7
TOPIC
SUBTOPIC
LEARNING
OUTCOMES

: 5.0 VECTORS
: 5.1 Vectors in Three Dimensions
: At the end of the lesson, students should be able to:

(@) determine the types of vectors
(b) perform addition and scalar multiplication

5.1 Vectors In 3-Dimensions

The Cartesian coordinate for space are often called rectangular coordinate .

Figure 2.1

Figure 2.3

This consist of a fixed point O, the origin, and three
mutually perpendicular axes, Ox , Oy and Oz. The axes
are placed in such a way that they form a right-handed
set as shown in figure 2.1.

y Each pair of coordinate axes determines a plane called
a coordinate plane. These are referred to as the xy-
plane, the xz-plane and the yz-plane.

Any point P in space can be specified by an ordered
triple of numbers (a, b, c) where a, b and c are the
steps in the direction of x, y and z axes

respectively, to P.

In figure 2.2, we have constructed the point P(1, 2, 3).

We now take unit vectors i, j and k in the direction of X,
y and z axes respectively.

If P(a, b, c) is any point in the space, then the position
vector of P is

N
OP=ai+bj+ck or <a,b,c>
In figure 2.3, the position vector of the point (1, 2, 3)

is i1+2j+3k. Conversely, the point whose position
vector is 2i —4j+Kk has coordinates (2, -4, 1).
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5.1 a) Types of Vectors

Position Vector
A vector that starts at the origin is called a position vector. So, the position vector of B is the

4)
vector that starts from the origin and ends at B; b = OB. Similarly, position vector of P is

%
p=0OP

Zero Vector
The zero vector , denoted by 0, has magnitude zero. Contrary to all the other vectors, it has no
specific direction.

Unit vector
The unit vector of a vector a is a vector whose magnitude is 1 unit in the direction of a.

. . a
The unit vector ofa, a :H
a

Parallel vectors
If the vectors u; and u, are parallel, then they are scalar multiple of each other.

Thus, u; =Au, , 1 eR.

Perpendicular Vector .
If vector a and b are perpendicular , hence the angle between a and b is 90 .

5.2 b) Addition and Scalar Multiplication of Vectors

Vector Arithmetic

Vectors in space apply the same rules of addition , subtraction, scalar multiplication and also
the magnitude just as they are in the plane.

For any vectors vi =aji+bj+cik and v, =asi + by + ¢k, and for any scalar k,

i) |vil =a +b°+c]

II) v1+v2=(a1+a2)i+(b1+b2)j +(C1+Cz)k

V1—V2:(8.1— az)i+(b1— bz)j+(C1— Cz)k

iii) kv 1 = kaqi + Kb 1j + ke 1K

Example 1

Find [2a—b| where a=i+j+k and b=—i+3j-2k.
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Example 2

Find a unit vector u in the direction of the vector from A(1, 0, 1) to B(3, 2, 0). Hence, find
a vector 6 units long in that direction.

Example 3

If p=2i+3j+kandq=i+2]- 2k, expressintermsofi, jand k
@p+tq (b)a-p

LECTURE 20F7

TOPIC : 5,0 VECTORS

SUBTOPIC : 5.2 Scalar Product

LEARNING : At the end of the lesson students should be able to:
OUTCOMES

(@) find the scalar product

(b) use the properties of scalar product

(c) find the angle between two vectors

(d) find the direction cosines for a non-zero vector

5.2 a) The Scalar Product (Dot Product)

The scalar product of two vectors is a = a;i + aj + ask and b = bsi + byj + bsk is the
operation which is written a.b and defined as

a.b=1lal|blcoseo ,

where 0 (0 <6 < 180) is the angle between a and b.

a a a

a.b>0 a.bh=0 a.bh <0

Definition

The scalar product between a and b is also defined as :-

118



Mathematics QS 025

Chapter 5 : Vectors

a.b = a1b1+a2b2 +a3b3

Example 1

Evaluatea.b ifa=3i—-7k,b=-2j+3k.

Example 2

Evaluate a) (2i—j) . (3i +4Kk)
b) (3j—2k).(i+2j—-7k)

5.2 b) Properties of the scalar product

1. a.a=lal?

2. a.b=Db.a

3. a.(b+c) =a.b+a.c

4. (ma).b=m(a.b)=a.(mb)

5 0.a=0

6. a.b=allbl if and onlyif a parallel to b

a.b= —|allbl ifand only if a and b in opposite direction.

7. a.b=0ifandonly if ais perpendicular to b witha= 0, b = 0

8. For unit vectors i, jand k we have :-
i.i=j.j=k.k=1 and
i.j=j.k=k.j=0

Proof

Proof for 1 to 4 are obvious

6. If vectors a and a parallel , the angle between a and b are 0° or 180°.

so,a.b=lallblcos0® = |allb] 050

o, a.b=|allblcos180° =—|allb] 9 = 180°

v

A
®

7. If vectors a and b are perpendicular the angle between a and b is 90° so,
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a
b
8. Itis known that i, j, and k are perpendicular each other and the angle of two
parallel vectors is zero, so we have :-

a.b=]allblcos90° = 0

a.b = (aii+ay +ask) . (bai+ by +bsk)
= agby(i. i) + asbp(i. ) + aibs(i.K) + aba(j.i) + aho(j.j) + asbs(j.K)
+ asby(k . i) + asba(k . j) + ashs(k . k)
Since
iizj.j=k.k=1 and i.j=j.k=k.j=0
thus

a.b = a1b_L+a2b2 +8.3b3

Example 3

Simplify  a) (a-b).(a+hb)
b) (@a+b).c-(a+c).b

Example 4

Giventhat a=3i+tj—2k , b=(1-1t)i-3j+4k, findtif a is perpendicular to b.

5.2 ¢) The Angle Between Two Vectors

If a=a;i +ayj + ask and b = b;i + b,j + bsk are two vectors and 0 is the angle between them.
From the definitionofa. b,

a.b =lallblcos@

=  C0s 6=
bl

a.b
. Theangle 6 = cos * (| a|b J
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Example 5

If lal=4,|bl=3and a.b =7, find the angle between a and b .

Example 6

Find the interior angles of the triangle ABC whose vertices are A(1,3,5), B(-2,0,3) and
C(3,1,-2).

5.2 d) Direction Cosines for a Non-Zero Vector

%
z 1 Consider the vector OP where P is the point (a, b , c).

- —
Then OP =ai +bj+ck and | OP| = va? +b? +c?

%
>y If OP makes angles of o, B and y with the x , y and z-axis

respectively, then cos a., cos 3 and cos y are known as :

X Direction cosines;
cos . cos,B—L cos .
a= - ' N V= -
OP OP OP
Direction angles;
_cos! @ _cost P st S
a=C08 " S =cos 70 V=008 T —
OP OP OP
where cos o + cos?p +cos?y = 1.
. . 5 ) a . b . C
Notice that the unit vector OP = op _ & i+ j+ k

A
OP| Jop | pP | P |

OP =cosai+cosPj+cosyk
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Example 7

%
Find the direction cosine of the vector OP where P is the point (3, -6 , 2)

Example 8

Find the direction cosines and direction angles of
a) a=2i+3j-k
b) b=4i-2j+3k

LECTURE3OF7
TOPIC : 5.0 VECTORS
SUBTOPIC : 5.4 The Vector Product
LEARNING : At the end of the lesson students are able to:
OUTCOMES (@) find the vector product

(b) use the properties of vector product
CONTENT

5.4 a) The Vector Product

If 6 is the angle between vector a and b, then
A\
axb = |allblsin6 u

N
where u is a unit vector in the direction of axb

A axb
or u=
|a><b|

To determine the direction of a x b, use the right hand, where the fingers turn fromato b
and the thumb points in the direction of ax b .
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A
axb
b
" >

Note K
ixj=k , jxi=-k
) i jxk=i , kxj=-i
J kxi=j , ixk=-]

The vector product of a=ai +a,j +aszk and b=b;i +byj +bsk isdefined in terms of
the expansion of the symbolic determinant ;

] k
axb =la a, a
b, b, b

= (azb3— agbz)i—(a1b3— a3b1)j+(a1b2— azbl)k
Example 1

Given a=2i+3j—-2k and b=4i-2j+ 3k, find axb.
Example 2
Givena=i+2j+3kandb=-i+3j-k.

a) Find axb
b) Prove that a x b is a vector which is perpendicular to the vector a.

5.4 b) Properties of vector product

If a and b isavector, mis ascalar, then

1. axb=-bxa
2. (ma) xb=m(axb)=ax(mb)
3. ax(b+c)=(axb)+(axc)
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4.(a+b)xc=axc+bxc
5.a.(bxc)=(axb).c
6.ax(bxc)=(ac)b-(ab)c
7. axb= 0 if aisparalleltob

Example 3

Find all vectors of length 11 unit which are perpendicular to both a =i + 2j — k and
b=i-3k

Example 4
Given that a, b and r are three vectors whereas A is a scalar such that axr =b+ laand

2a—axbhb
—_—.

aer =2.By using the result ax(bxc)=(aeclh—(aeb)c, show that r =

Example 5

Givena = 2i — j+ 4k and b = —6i + 3j — 12k . By using the vector product show that
a and & are parallel.
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LECTURE 4 OF 7
TOPIC : 5.0 VECTORS
SUBTOPIC : 5.4 The Vector Product
LEARNING : At the end of the lesson students are able to:
OUTCOMES

(c) find the area of parallelogram and a triangle.
CONTENT

5.4 c¢) Area of Parallelogram

VA

>

b
Area of parallelogram = |ax b|
/b/\
a

Area of triangle = % laxb|

Example 1

A plane contains points A(1,1,1), B(3,2,-1) and C(1,-4,2) and D. If A, B,C and D forms a
parallelogram, find

a) the coordinates of D

b) the area of the parallelogram ABCD

Example 2

A plane contains points A(1,1,0) , B(3,-2,1) and C(5,7,2). Find
a) a vector normal to the plane
b) the area of triangle ABC
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TOPIC : 5.0 VECTORS

SUBTOPIC : 5.4 Application Of Vectors In Geometry
LEARNING : At the end of the lesson students should be able to:
OUTCOMES

a) find equation of a straight line
CONTENT
5.4 a) Lines In Space

A line in space is a straight line which continues indefinitely in both directions and contains a
continuous infinite set of points.

/’ R

0]
Suppose that R(x , y, 2) is a point which is free to move on a line containing a fixed point

A(x1, Y1, 21). If v = ai + bj + ck is a direction vector of the line, it is clear that a line consists
precisely of those points for which the vector AR is parallel to v, that is

%
AR = tv for some scalar t

- -
OR - OA =1tv
- -
OR = OA +1tv
or r=a+tv 1)

In terms of components, it can be written as

Xi +yj+zk = (X101 +y1j + :K) + t (ai + bj + ck)

Sothat x=x; +ta
y=yi+tb } (2)

Zz=71+1cC

Isolating t in each of these equations gives
X_X1= Y-V, - -1 (3)
a b C

So there are three ways of expressing the line in space :
(1) is the vector equation of the line,
(2) are the parametric equations of the line,
(3) are the Cartesian/ Symmetry equations of the line.
Remarks
If a straight line passes through A(x, y1, z1) and parallel to ai + bj + ck,
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e |ts vector equation isr = (xii +y1j + 1K) + t (ai + bj + ck)

e |ts parametric equationsare Xx=x; +ta
y=yi+tb
z=7;+1tc

t is called the parameter and can take any real value.

X% _Y-%_2-%4

e |ts Cartesian / Symmetry equations are 0
a C

Example 1

Find a vector equation of the line that contains points A(1,2,3) and B(-2,1,3)

Example 2

Find the vector equation, the parametric equations and the Cartesian equations of the line
through (1, -2, 3) in the direction 4i + 5) — 6k

Example 3

. . . x-1 y-2 z-3 _. .
A line has Cartesian equations 3 = ) = = Find a vector equation for a parallel
line passing through the point with position vector 5i — 2j — 4k and find the coordinates of the

point on this line where y = 0.

Example 4
a) Find parametric equations for the line | passing through the points A (2,4 ,-1) and
B(5,0,7).

b) Where does the line intersect the xy-plane?
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LECTURE 6 OF 7
TOPIC : 5.0 VECTORS
SUBTOPIC : 5.4 Application Of Vectors In Geometry

LEARNING OUTCOMES : At the end of the lesson students are able to:

(@) find the angle between two straight lines.

(b) find the equation of a plane.

CONTENT

5.4 b) The Angle Between Two Straight Lines

Suppose two straight lines vector equation are

rr=a;+tvg
Fp=a,+ SV,

With t, s are any scalar and 6 is angle between two straight lines.
rnh=a +tv;

e ro=a, +Sv,

If 6 is angle between two straight lines, its also 6 between v; and v, . because of the lines

are parallel.
V1. V2 =|v,|v,|cos

V..V
cosf=—~—-2
V. |V

1 2

Hence, the angle between two straight lines given by
1 ViV,

0 = cos™
A\A

Two straight lines are perpendicular if v; . v, = 0 and the straight lines are parallel if

v1 = kv, for k scalar.
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Example 1

The vector form of two straight lines equation are given by
p=(2i+2j-4k)+ t(i+3j-3k)
and qgq=(i+j+k)+s(i+2j-4k)

with t and s scalar. Find the acute angle between the two straight lines.

Example 2

Find the acute angle between L, and L, for each of the following:
@ L:r=3i+2j+t@i+j+k)

X=1 y+2 z+1

L,: =
2 -3 4

) y-1 z-3
b) L :x=1,—=—+—
(b) L, =
L,is the y -axis
Example 3
Show that the line L, with vector equation r = 2i — j +t(2i + j —k) is perpendicular to the line
x-=1 y+1 z

L, with Cartesian equations —— = ——=—.
3 -2 4

5.4 c) Plane
Planes equation in 3 dimension can be measure with this criteria :

1. A plane in space has normal vector n = ai + bj + ck and that it passes through the fixed
point A (X1, Y1,21) Or

2. A plane passes through 3 fixed point or
3. A plane has two vectors.

Suppose a plane in space has normal vector n = ai + bj + ck and that it passes through the
fixed point A (X1, Y1,21).
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R(x, Y, z) moves any point on the plane.

_)
Now AR is perpendicular to n.

4 n=ai+Dbj+ck

R(X Y, 2)
A (X1, Y1,21)
N
AR .n=0
- -
(OR -0A).n=0
(r-a).n=0
r.n-a.n=0
r.-n=a.n

r.n=p where p=a.n
Remarks: Equation of plane can be expressed in vector form or Cartesian/ Symmetry form

Example 1
Find the Cartesian equation of the plane with normal vector i + 2j + 3k and containing the
point (-1, 2, 4).

Example 2
Find the equation of the plane passes through A(-1,2,0),B(3,1,1)and C(1,0,3).

Example 3
Find the vector equation of the plane that contains (2,-1, 3) and is
a) parallel to the xy plane

b) parallel to the plane with equation 3x —y +z =2

Example 4

Show that the line L whose vector equationis r=2i-2j+ 3k +t(i—j+4k) is parallel to
the plane P whose vector equation r.( i+5j+k)=5
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Example 5

Find the symmetry equation of the plane passes through B(1,-1,3) and perpendicular to both
the planesx —y+2z=3and 2x+y—z=3.

LECTURE 7 OF 7
TOPIC : 5.0 VECTOR
SUBTOPIC : 5.4 Application of Vectors In Geometry

LEARNING OUTCOMES: Atthe end of the lesson students are able to:
d) to find the angle between two planes

e) to find the angle between a line and a plane

f) to find the point of intersection between a line and a plane
CONTENT
5.4  d) The angle between two planes

Consider two planes P; and P, whose vector equations are

r.n;=d; and r.ny=d
The angle between P; and P is equal to the angle between the normal to P, and P, i.e. the
angle between n; and n,.
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Therefore if 0 is the angle between P; and P2, cos 0 _n.n,

n n

1 2

Example 1
Find the angle between the two planes

3x—2y+5z=1 and 4x+2y-z=4

Example 2
Find the acute angle between the two planes x+5y+z=0 and 2x—y+2z=3.

5.4 e) The angle between a line and a plane

A\ N

Consider the line r =a + Av and the plane r.n =d . The angle S between the line and the
normal to the plane is given by

oS ,Bzﬂ, [ = cost Y
[vin| Vin|
If & is the angle between the line and the plane then & =90°—
Example 3
6 4
Find the angle between the straight liner = | 5 |+t| O | and the plane x+y—-3z=2
3 1
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5.4 f) Point of the intersection between a line and a plane
To find the point of the intersection between a line and a plane, we suppose to have a line

through a plane. Let r = a + tv is a vector of the line and r.n =dis a plane. Where B the
point of intersection between a line and a plane

Fromr=a+tv,

X, a

X
yl=|y, |+t b]|, x=x+at, y=y, +bt, z=27 +ct
z z, c

From the plane equation, r.n =d

X) (P
yle|gq|=d,..px+qy+rz=d.......... (1)
z r

Substitute x =x, +at, y=y, +bt, z=12z +ct into (1)
p(x, +at)+q(y, +bt)+r(z, +ct)=d

d _(pxl +ay; + rzl)
pa+qgb+rc

St=

, then substitute tinto x=x +at, y=y, +bt, z=2 +ct

Example 4

Find the vector equation of the line passing through the point (3, 1, 2) and perpendicular to
the plane r. (2i—j+ k) =4 .Find also the point of intersection of this line and the plane.

Example 5

Find the point where the straight line r = (-4i + j + 9k ) + A (-2i + 4k) intersects the plane
r.(2i+2j—k)=5.
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