CHAPTER 2 : FIRST ORDER DIFFERENTIAL EQUATIONS QS025

LECTURE 10OF3

TOPIC . FIRST ORDER DIFFERENTIAL EQUATIONS
SUBTOPIC : 2.1 Separable Variables.

LEARNING

OUTCOMES : Atthe end of the lesson, students should be able to

a) distinguish between general and particular solutions
b) solve separable differential equations
CONTENT

Introduction

A simple type of differential equation is % = x* —3. We integrate it to produce the
X

required solution. Differential equation can be regarded as a mathematical model for many
practical situations such as population growth, radioactive decay, chemical mixture,
temperature cooling, velocity and acceleration problem and etc.

Definition 1

A differential equation (DE) is one which relates an independent or dependent variables with
one or more derivatives.

Examples of differential equations:

a) dy = (sin x)dx

b) E:2t3+5
dt

(3 +ve s

C) — | +y“=sinx
2

g 39Y.aY 7o

e) y'+2y'-5y =4

Definition 2

Order is the highest derivative in a differential equation.

Degree is the highest power of the highest derivative which occurs in a differential equation.
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Example

Determine the order and degree of differential equations below.

Differential Equations Order Degree
1Ly W 2.5 1 1
dx
2
o 747y _dy 2 1
dx2  dx

w
7 N\
oo
> <
N—
o
Il
7\
o |
x w
W<
N—
N
_I_
[N

5. (y7)' +2(y) -5y =3

(dyjs ! !
6. | —| —2x=3sinx-siny
dx

In this chapter we only deal with first order, first degree differential equations.

A differential equation has general solution and particular solution.

Definition 3

General solution —The general solution of a differential equation contains an arbitrary

constant c.

Particular solution - The particular solution of a differential equation contains a specified

initial value and containing no constant.

Differential Equations with Separable Variables

Definition :

Differential equations with separable variables —Differential equations in which the

variables can be algebraically separated.
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A differential equation is separable if it can be written in the form :

%zP(x)Q(y) or %:% or %:%

To solve the equations:

Q) Separate the variables x and y
(x by the side of dx and y by the side of dy )

(i) Integrate both sides independently.

(iii) 2 types of solution t:general solution
particular solution

Situation 1

Given ﬂ = 2X

dx

Situation 2

Given %:Zx,whenle,yzz
X
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Example 1
Solve y?dy + x3dx = 0.

Solution

Example 2

Solve wﬂ =COS X.
1-vydx

Solution
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Example 3
Solve e~ % =(1-y).

X

Solution

Example 4
. . . > dy
Solve the differential equation xvx* +1 — ye” poie 0.
X

Solution
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Example 5
Solve the differential equation % = x(y —2) when y(0)=5.
X

Solution

Example 6

Find the particular solution of differential equation
(L+sin? x)% =e¥sin2x, y(0)=1.
X

Solution
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Example 7
Find y in terms of x given that 2%+ y> =4, hence find the particular solution if
X

given y(In2)=0.

Solution
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Exercise

Find the solutions of the following differential equations:

dy y(2-3x)
Cdx x(1+3y)

g dy _6t°—2t+1
“dt cosy+e’

5. xydx + (1+x2 Jdy =0, y(1)= 2
Answers

1. In|y|+3y=2In|x-3x+c
3. siny+eY =t° —t> +t+c

) 8

5. =
y 1+ x?

2
2'd_yzsec y

dx 1+x
dy

4. x—= = ,y¥(3)=2
de Xy +Yy y()

6. 2(x? +l)% =x(4-y?), y(0)=1

2. sin2y+2y=4In[l+x+A

X

2
4. y==e3xe
y 3

_6x*+4

6. =
y 3x> +4
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LECTURE 20OF3

TOPIC . FIRST ORDER DIFFERENTIAL EQUATIONS
SUBTOPIC : 22  First Order Linear Differential Equation
LEARNING

OUTCOMES : Atthe end of the lesson, students should be able to

a) solve first order linear differential equations by means of
integrating factor.

CONTENT

Linear First-Order Differential Equations

A linear first-order differential equation is one of the form % +P(x)y = Q(x).
X

The solution must be on an interval where both P(x) and Q(x) are continuous.
The usual solution to the differential equation is to change it to an exact equation by means of

an integrating factor. This integrating factor is V(x) = el P,
By multiplying both sides of the equation by the integrating factor V(x), you change the left-
hand side of the equation into the derivative of the product V(x)y

d
V(x)d—i +P(xV (x)y =V (x)Q(x)
Once we have chosen V(x), (we shall do so in a moment) and carried out the multiplication ,

V)L + PV (¥)y =V (IQ(x)

% V(x)y]=V (x)Q(x) Choice of V(x)

we can solve the above equation by integrating both sides .

J dv(xyl=] VoQlx) dx
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Example 1

Solve Q—L—x

dx  (x+1)

Solution

Example 2

Solver$—2t+r=0.
dr

Solution
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Example 3

Solve ﬂ+zy: cost y(7)=0

dt  t t2

Solution

Example 4
t dr t
Solve e G rer=3, r(0)=2

Solution
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Example 5
dx )
Solve (y +1)d— +x=2y-1,giventhat x=1y=1
y

Solution
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Exercises

1. Solve :

2 dy _ y(2-3x)

dx  x(1+3y)
2
b) ﬂ:sec y
dx 1+x

o dy _Bt°—2t+1
dt  cosy+e’

2. Find the particular solutions of the following differential equations:
dy
a) X—=xy+Vy,vy3)=2
) Xy =9+, yE)
b) xydx +(1+x?)dy =0, y(1)=2

c) 2(x2 +1)% = x(4— yz), y(0)=1

Answers

1) a) In|y|+3y =2In|x—3x+c
b) sin2y+2y=4Infl+x+A

c) siny+e’ =t° —t> +t+c

2 8 6x% +4
2 a) y=—exe* b) vy = Q) v =
) )y 3 )y 1+ x? )Y 3x?+4
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LECTURE 30OF3

TOPIC : FIRST ORDER DIFFERENTIAL EQUATIONS
SUBTOPIC : 2.3 Applications of Differential Equations
LEARNING
OUTCOMES : At the end of the lesson, students should be able to
a) Solve problems that can be modeled by differential
equations.
CONTENT

Applications of Differential Equations

Now we will apply the methods in this section to the solution of some practical situations.

A) Population growth model

The simplest growth model has a constant relative growth rate. If we denote the population
we are considering by y(t), then the rate of change of the population is?j—i/. To say that the
rate of change is proportional to the population is just saying that there is a constant of
proportionality k such that

dy

K
a Y

Since k is constant, this can be immediately separated and integrated to yield

Ykt
y

dy _
jy _[kdt

Iny=kt+c

kt+c

y=e

y:ektxec
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kt

y=Ae

Example 1

In a particular bacteria culture, the rate of increase of bacteria is proportional to the number
of bacteria, N, present at time t hours after the experiment.
Given that the number of bacteria at the beginning is 10°, and after 1 hour is 10°. Find

a) The number of bacteria after 5 hours

b) The time taken for the number of bacteria to be 3 times the original.

Solution
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B) Radioactive decay models

Radioactive decay models, on the other hand, are very accurate over long periods of time.
They are the primary method for determining age of prehistoric fossils and ancient artifacts.

If we denote the decay we are considering byC(t), then the decreasing rate of the decay

is%—?. To say that the decreasing rate is proportional to the decay is just saying that there is a
constant of proportionality k such that
dc _
dt
Since k is constant, this can be immediately separated and integrated to yield

—kC

9
C

%Czj—kdt

INnC=—kt+c
C=e—kt+c
C=e"xe
C=Ae™"

Example 2
Radium decomposes at a rate which is proportional to the amount present at any time. If 10%
decomposes in 200 years, what percentage of the original amount of radium will remain after
1000 years?

Solution
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C) Newton's Law of Cooling

When an object has a temperature greater than the ambient temperature, it cools according to
Newton's Law of cooling which states that the rate of cooling is proportional to the difference

in the temperatures, that is: %—f=—k(6—a), where 6(t) is the temperature of the object at

any time t and a is the ambient temperature. The solution to this separable differential
equation is:

d0=—k(49—a)dt
de

f—-a
de

E=j—ko|t

= —kdt

In(6—a)=—kt+c
e =0-a
f=e""+a
0=~Ae" +a

Example 3

A body temperature is 180°C is cooled by immersing in a liquid at 60°C . In one minute, the
temperature of the body has fallen to 120°C. How long will it take for the temperature of the
body to fall to 90°C

Solution
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D) Electric Circuits

An RL circuit is one with a constant resistant, R, and a constant inductance, L. The
electromotive force (EMF), a resistor and an inductor connected in series.

The EMF source which is usually a battery or generator supplies voltage that causes a
current flow in the circuit.

According to Kirchhoff’s second law, if the close circuit, time t = 0, then the applied
electromotive force is equal to the sum of the voltage drops in the rest of the circuit. It can be
shown that this implies that the current I(t) that flows in the circuit at time t must satisfy the
first-order linear differential equation

Ld—|+ RI =E
dt

di R E

-t —] ==

d L L

P(t) = % (a constant) and Q(t) = % (a constant)

The simplest model of the amount of current | in a simple electrical RL circuit is given by a
linear first-order differential equation,

Where | = amount of current and t = time.

The usual solution to the differential equation is to change it to an exact equation by means
of an integrating factor. This integrating factor is V(t).
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Example 4

The basic equation governing the amount of current 1 in a simple RL circuit is given by

%+50| =5.Whent =0, | =0, find the current at any time t.

Solution
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Exercises

1. If Pis the number of cells in a certain bacteria population, then it is reasonable to expect
, . dpP . : .
that the rate of growth of the bacteria population o varies directly with P . A bacteria

culture is started with 1000 bacteria, and after 2 hours it is estimated that there are now 8000
bacteria. Find the bacteria population to become 15000.
Ans: 2.6 hours.

2. The rate of decay of a radioactive substance varies with the mass of the substance
remaining. Write a differential equation that represents this relationship. If the mass of the
substance remaining after 12 years is half of the original mass, what is the percentage of the
substance remaining after 6 years?

Ans: 70.7%

3. Under certain conditions, the rate of cooling of an abject varies with the difference
between the temperature of the object and the room temperature. Given that the temperature
of object at any time tis € and the constant room temperature is ¢, write down a differential
equation to describe the rate of cooling of the object. Given that the room temperature is
20°C.

a) Find a general solution of this differential equation
b) If it takes 12 minutes for the object to cool from 100°C to 50°C, find the time taken

for the object to cool from 50°C to 25°C
Ans: 21.92 minutes

4. The basic equation governing the amount of current I in a simple RL circuit is given by

%HOI =2.Whent=0, | =0, find the current at t = 5 second.

Ans: | =E[1—e’l°‘], =1
5 5
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