Chapter 1 : Integration QS025

LECTURE 10F9
TOPIC : 1.0 INTEGRATION
SUBTOPIC : 1.1 INTEGRATION OF FUNCTIONS
LEARNING OUTCOMES : Atthe end of the lesson, students should be able to:
(a) relate integration and differentiation
(b) use the basic rules of integration

Integration as Anti-differentiation

Integration is the reverse process of differentiation. In differentiation, we start with an
expression and then proceed to find its derivative. In integration, we start with the derivative
and then work backward to find the function from which it is derived.

The process of finding anti-derivatives is called anti-differentiation or integration. If

%[F(x)] = f(x), then the functions of the form F(x)+C are the anti-derivatives of f(x).

We denote this by writing j f(x)dx=F(x)+C.

J ” is called an integral sign and C is the constant of integration.

Basic Rules of Integration.

(i) _fkdx:kx+ c

n+1

.. n o X
(i) Ix dx = -

i) [k 0 dx = k [ f0) dx
(iv) j [fX) = g(¥)] dx = j f(x) dx + j g(x) dx

(ax +b)"**
a(n+1)

+C, ne-1

(V) .|.(ax+b)" dx = c,n=-1
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Chapter 1 : Integration

QS025

Example 1:

Evaluate the following integrals:

a) IS dx c) j% dx
X

b) Ixe dx

Solution:

Example 2:

Evaluate the following integrals:

a) [—2v/x dx

4x+1
b) | 50X

Solution:
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Example 3:

Evaluate the following integrals
a) .[(6x3 - 2x2) dx

b) jx2+5)2 dx
<) jzx 1)3x + 2) dx
d) j (5x+7) dx

Solution:
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Exercises 1

Find the following integrals.

[E=N

w

&

o o

. j?z‘31 dz

J.SXX-;_4
: .[xz(x—Z) dx

I(Zx—%}z dx
J‘(4x2 —~5x%) dx
[(3—9x)" dx

dx

QS025
Answer:
7
1. 4z* +c
2 52
X X
4 3
3 X__ZL c
4 3
3
4 4i—4x—1+c
3 X
3 4
5 41_51 c
3
1 6
6. ——(3-9x) +c¢
54( )
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Chapter 1 : Integration QS025

LECTURE 2 OF 9
TOPIC : 1.0 INTEGRATION
SUBTOPIC : 1.1 INTEGRATION OF FUNCTIONS

LEARNING OUTCOMES : At the end of the lesson, students should be able to:
(@)  determine integration of i, e and a*
X

(b)  determine the integral of the forms:

0 | ff'((;)) dx

(ii) jf'(x)e“x) dx
(iii) jf'(x)[f(x)]“ dx
(iv) j aPd dx

The Integral of % (special case ofjx”dx, when n=-1)

d 1 . . 1
Remembered that &(In x):;. Therefore, reversing the process gives I S dx =In|x/+C

Example 1:

Find the following integrals.

2
— dx
a) J.x
1
b — dx
) JBX
Solution:
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The integral of ')

f(x)
d f'(x) f'(x)
In general, —|In f = ——dx =In|f
9 dx[ (x)] (00 = | ) x=In|f(x)+c
Example 2:
Find the following integrals.
a) | 2X_ 4y b)fidx 0 jﬂdx
x* -1 2x-1 2x° + x?
Solution:
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The integral of f'(x)e"™
d X X
—(e¥)=e

)

d (1 ' £(x)
—le"™ )= f"'(x)e
dx( ) 9

Example 3:
Find the following integrals.

a) j 3¢ dx b)

Solution:

= jexdx =e*+c¢

o jf'(x)e”x) dx =e'® 4¢

_[ (3% +1)ex3+x‘2 dx c) feo ax
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The integral of ' (x)[f (x)]"

If f(x) isa function of x and ;—X[f(x)]: f'(x),

d {M}: FOolf 0T

dx n+1

Reversing the process,

' ) ~ [f (X)]n+1
_[f [ f (0] dx_—n+l +C
Example 4:

Find the following integrals.
a) IZX(XZ —3)4 dx

b) j'”Tde

c) .[xlex3 —5 dx

Solution:
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The Integral of a®*¢

NOTE: i(ax)=aX Ina < jax dx = 2 4¢
dx Ina
Example 5:
Find [2" dx
Solution:
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| Qs02s

[ NOTE:

da
dx

apXH]
@™ =a"pha < j'apx“‘ dx = +C
plna

Example 6:
Find 3 dx

Solution:
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Exercises 2
Questions :
3 7
1. — —— | dx
I(xz 8Xj
2—-3X
2. ——dx
J.3+4x—3x2
3. Ix\/xz—l dx
2
4. I X dx
x3+1
2_e4X
5. dx
J- e><

Answer:

-3 7
— ——Injx|+c
X 8

1In‘3+ 4x—3x2‘+c
2

L 1)

%(x3 +1)% +C

_oe —Llevic
3

2X+l 2—X

In2 1In2

+C
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LECTURE 30OF 9
TOPIC 1.0 INTEGRATION
SUBTOPIC :1.2 INTEGRATION OF TRIGONOMETRIC FUNCTIONS

LEARNING OUTCOMES : At the end of the lesson, students should be able to
integrate trigonometric functions in the form sinax, cosax,
sec’® ax, sin’ax and cos® ax.

Integration of Trigonometric Functions

d . 1.
—(sinax) = acosax & |cosax dx = =sinax+c
dx a

d . . 1

— (cosax) = —asinax & |sinax dx = —=cosax+c¢
dx a

— (tanax) = asec® ax & |sec’ax dx = —tanax+c
dx a
Example 1:

Find the following integrals.

a) Isin 4x dx d) I(Ssin 2X +Cos 6x) dx
b) IZ cos(%) dx e) f (cos 7x —5sec’ 3x) dx
c) I secz(gJ dx f) I (ﬁ —cos4xj dx
Solution:
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Using Double Angle Formulae

~ -

2 =2 =2 1_C082X 2 1+C052X
COS2X = COS“ X —SIn“ X |I|]|::> sin X:T and cos X:T

=2c0s’x —1
=1-2sin’x \—///—\
\ J

/ SiN2X = 2sin X cos X

Example 2:

Find the following integrals.

H) 2 ) X .
a) Ism x dx b) J'Zcos xdx  ©) I3S|n (Ejdx d) j4smxcosxdx

Solution:
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Using Compound Angle Formulae

sin(A+ B) = sin Acos B +cos Asin B
cos(A+ B)=cos Acos B Fsin AsinB

Example 3:

Find the following integrals.
a) I(sin X COS 2X + C0S X $in 2x) dx b) j(cos 2x cos 3x — sin 2xsin 3x) dx

Solution:

14 | Mathematics Unit KMK 06010 Changlun Kedah



Chapter 1 : Integration

QS025

Exercises 3

Questions :

1. J.(sec2 2 —c0s 3x) dx

2 [0
2cos ec3x

5. [ (sin xsin 2x — cos x cos 2x) dx

Answer:

tan2x sin3x
- +C
2 3

—§cos3x+c
2

2 1 . 1.
—X+—sIn10Xx —=sinx+c
3 60 2

3 4x
——CoS| — |+¢C
8 (3)

—lsin3x+c
3
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LECTURE 4 OF 9
TOPIC : 1.0 INTEGRATION
SUBTOPIC : 1.3 TECHNIQUES OF INTEGRATION

LEARNING OUTCOMES : At the end of the lesson, students should be able to use
substitution method to find integrals.

Integration by Substitution

Integration by substitution is used to compute indefinite integrals of the form

I flg(x)lg'(x)dx ......... (1)

To compute (1) we make a change of variable, or substitution.

We let u=gX) 2
then 3—)L: =g'(x) or du=g'(X)dx ............. 3)

Making these substitutions (2) and (3) in (1), we obtain the integral
[ £(g00)g ()dx = [ £ (u)du

This method is illustrated in the following examples.

Example 1
Find IB(ZX +1)§ dx

Solution:
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Example 2
Find j(2x + 3)+/x +1dx

Solution:
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[Note:j L dx_iln(ax+b)+C}
ax+b a

Example 3

1
5-3x

Find I dx

Solution:

Example 4

3t

ot

Find j

Solution:
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Example 5
Find 57 dx

Solution:

Example 6

3
Find | (In2%)" 4
X

Solution :
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Example 7
2 2 2
Prove that J'Zidx - ZIM du . Hence, find 2X"
x—-1 u x-1
Solution:
Example 8

Find _[3x2 sin x3dx

Solution:
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Example 9

Find jcot xdx

Solution:

Example 10
Find J'cos3 xsin x dx

Solution:
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Exercise 4
Find the following integrals:
t 1 3.x4 H)
a) | ———dt b) | ———=dx C) | 2x°e" dx d) | cos 2xsin® 2xdx
"‘(3t2+1)4 )J.len«/; )'[ '[
Answers:
‘ 1 .

a)-%w b) In‘ln\/;‘Jrc c)leX +c d)—sin°2x+c

18(3t? +1) 2 10
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LECTURES5OF 9

TOPIC : 1.0 INTEGRATION

SUBTOPIC : 1.3 TECHNIQUES OF INTEGRATION

LEARNING OUTCOMES : At the end of the lesson, students should be able to
perform integration by parts.

Integration by Parts

Suppose u and v are differentiable functions of x. By the product rule of differentiation

d(uv) :uy du

— e 1
dx dx+vdx (1

Integrating both sides of equation (1) with respect to x,

I—d () dx = J.(uﬂjtvd—u)dx
dx dx  dx

uv:ju%dxﬂ.vg—idx

dv du
Thus, Iu&dx:uv—J‘v&dx

: . : . . dv
This technique is called integration by parts. The idea is to choose u and ax so that
X

du dv
v—dx is simpler than the |u—dx.
-[ dx 15 SImp I dx

Example 1
Find J.x«/x + 1dx

Solution:
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Example 2
Find Ixexdx

Solution :

Example 3

Find .[2xe‘3x+1dx

Solution:
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Example 4

Find Iln X dx

Solution :

Example 5
Find len X dx

Solution
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Example 6
Find Ixze"dx

Solution

Example 7
Find sz sin 2x dx

Solution :
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Exercises 5

Find the following integrals:

a) j ':—3)‘ dx

b) Ixe“zxdx
C) j X €0S 3xdx
d) [t%edt

ANSwers:

InX 1 Xel+2x l
8)-—— ———+C b — et
) 2x>  4x? ) 2 4

1 . 1 1 1
C) = Xsin3x+=c0s3x +C d)-Zt’e™ =
3 9 3

+C

t2e-% _gte—at _ie—St te
3 9 27
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LECTURE 6 OF 9
TOPIC :1.0 INTEGRATION
SUBTOPIC :1.3 TECHNIQUE OF INTEGRATION

LEARNING OUTCOMES : At the end of the lesson, student should be able to evaluate
the integral of a rational function by means of decomposition into partial fractions.

Rational Functions

A rational function is a fraction where both the numerator and the denominator are
polynomials

X x—1 3 2x-1 x2

Example: , , , '
1+ x2 X+1 (X+1)(x—2) (x+2)(3x—4) x-1

If the degree of the numerator is less than the degree of the denominator, the fraction is called
proper fraction and if the degree of the numerator is greater or equal to that of the
denominator, then the function is called improper fraction

If the denominator can be factorised then the function can be expressed as the sum of partial
fraction.

Some functions and their partial fractions are given below:

Function Partial fraction
X A N B
(Xx=D(x+1) Xx—1 x+1
1 A B
[ — __|_—
(x-1)* x-1 (x-1)°
x-1 A Bx+C
— —+
X(x* +1) X (x*+1)
2 AX+B Cx+D
(x* +1)? x> +1 (X +D°
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Example 1

5
X(1—X)

dx

Find I

Solution

Example 2

. : . 2x -1
Use the method of partial fraction to find J.X— dx
x2 —2x-3

Solution
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Example 3

Find 5x? +4x +12
—[(x+2)(x2 +4) X

Solution
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Exercise 6

Find the following integrals by using partial fractions
a).fx;gzdx ans: In|x+5|+i+c
(x+5) X+5

4x+3
b)I(x— 2)3+ 2x2)OIX

ans: In|x-2|—%|n‘3+ 2x2‘+c
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LECTURE 7 OF 9

TOPIC :1.0 INTEGRATION

SUBTOPIC :1.4 DEFINITE INTEGRALS

LEARNING OUTCOMES : At the end of the lesson, students should be able to:
a) use the properties of definite integral
b) evaluate definite integrals.

The Properties of Definite Integral

cdx = c(b—a), where c is any constant

b

[f(x) £ g(x)]dx = j f (X)dx + i g(x)dx

a

T 0 em— T T

b
iii. jcf (x)dx = cj f (x)dx, where c is any constant

iv. j'f(x)dx=—j f (x)dx

f(x)dx =0

Vi.

D C— O D oy

b c
f()dx = [ f(x)dx+ [ f(x)dx, where a<b <c and
a b

b
if f(x)>0for a<x<b,then If(x)dxzo.
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Example 1:

Given [ f(x)dx=5and [ f(x)=10. Find

@ * £ (x)dx
(b) Ll f (x)dx

© *4f (x)dx

Solution:

Example 2:

(d) f f(x)dx
(€  [(f(x+5)0dx

Given [ f(x)dx=5, [ f(x)dx =10 and [ g(x) =6 . Evaluate

@) j253f (x)dx

() [ a(xx

Solution:

©  [Rfe)+3g(9kx
(d) j: f(x)dx

33|
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Evaluate Definite Integrals

Example 1:
Find J'Ze“x‘zdx
0

Solution:

Example 2:

1 2x3
Evaluate O—dx

N

Solution:
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Example 3:

Find than 3xdx

Solution:

Example 4:
Find ["In 2xdx
1

Solution:
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Example 5:
Evaluate

F dx

0 x*+3x-4

Solution:

Example 6:

Evaluate L 2 (cos4x +sin x)dx

Solution:
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Exercise 7
1. Given J'Z f (x)dx =5, find the value of

@) L73f (x)dx ©) E(x— 2 f (x))dx
(b)  [[(f()+2)ax @ [ (F)-x)x
2. Evaluate
@) La(x+3)dx+£exdx (b) Esinx+cos xdx
3. Evaluate the following
2e7* 4 ef 1
@) L p— ©  [anxxdx
(b) j "X (d) j *(6X+1)(3% + x)%dx
2 1_ X 0
AnNswers:
1. a) 15 b) 15 c) % d) %
2. a)9+e b) 0
3. a) 1.059 b) 0.3863  c)-0.6363 d) 1,827,904
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LECTURE 8 OF 9
TOPIC :1.0 INTEGRATION
SUBTOPIC :1.4 DEFINITE INTEGRALS

LEARNING OUTCOMES : At the end of the lesson, students should be able to
determine the area of a region.

(@) Area of a Region Bounded By The Curve And The x — Axis

Area under a curve can be computed using definite integration. Hence the formal definition:

If f is continuous throughout [a, b] , then the area of the region between
the curve y =f( x ) and the x — axis from x =a tox =Db is given by

b
area = If(x) dx
a

Notes : Area is always positive

f(x) f(x)

v
>

v
>

a b

b

j f(x)dx

a

b
area = j f (x)dx area =
a
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Example 1:
Find the area of the region bounded by the line y = 2x, x-axis and the line x=4.

Solution:

Example 2:

Find the area of region bounded by f (x) = x* —2x, x-axis, the lines x=0 and x =3.

Solution:
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(b)  Areaof a Region Bounded By The Curve And The y — Axis

If g is continuous throughout [c, d ], then the area of the region between
the curves x =g(y) and the y — axis fromy = ctoy =d is given by

d
area :Ig(y) dy
C

f(x)
f
N )
d ....................... d
P T N /PP e
D > X
d d
area = [ g(y)dy area =([ g(y)dy
Cc C
Example 3:

Find the area enclosed by y* =4x, y-axis, the lines y=-2 and y=2.

Solution:
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Example 4:

Find the area of region bounded by y = %

,2<y<4, —4<y<-2andy axis.

Solution:
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(© Area of a Region Bounded By Two Curves

Definition

If f and g are continuous with f(x) >g(x) throughout[a ,b], then the
area of the region between the curves y = f(x) and y=g(x) from
Xx=a tox =D isthe integral of [f—g] from a to b.

b
area = I[f (X) = g(x)]dx

a

 f(x)

1 4

—

/
e

Example 5:

Find the area of the region bounded by the curve y = x*> —4x and the line y = g :

Solution:
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Example 6:
Calculate the area of the region bounded by the curve y* =x and y=x—-2.

Solution:

Example 7:
Calculate the area of the region bounded by the curve y = x* +3, 3y = —2x+14and x-axis.

Solution:
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Exercise 8
1. Find the area enclosed by the curve y =Inx the line y =1 and x and y axes.

. 4
2. Show that the area enclosed by the line y =4 —2x and curve y =4—-x" is gunlt2

Find the area of the region bounded by the graphs y*> =8—x and y* = x.

4. Find the area of the region bounded by the curves y = 2./x +1 and y =+/x between
x=0and x=4.

Answer:
1. (e—1)unit?

2. ﬂunit2
3.%unit2
3

4, gunitz
3
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LECTURE 9 OF 9
TOPIC : 1.0 INTEGRATION
SUBTOPIC : 1.4 DEFINITE INTEGRALS

LEARNING OUTCOMES : At the end of the lesson, students should be able to find
the volume of a solid of revolution.

Volume of Solids Generated By Revolving The Region Bounded By The Curve And The
X or y AXis

In this section we use integration to calculate the volumes of solids. Consider the solids of
revolution in the following figures, which are formed by revolving certain regions about an
axis.

ﬁy cylinder

v

cone

i w4
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(@) Revolve about the x-axis

The volume of the solid generated by revolving the region about the x-axis between the
graph of a continuous function y =f(x) and the x-axis from x=ato x=Db is

b
Volume, V = I;z y? dx y =1 (x)

Tlin

=a xbx

(b) Revolve about the y-axis

The volume of the solid generated by revolving the region about the y axis between
the graph of a continuous function x =g (y) and the y-axis from y=c to y =d
is

d
Volume, V = Inxzdy

[ Tﬁ la)]? }

v
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Example 1:
: : 1 )
Find the volume of the solid formed when the area bounded by the curvesy =; , y-axis,

y=2 and y =5 is rotated about y-axis.

Solution:
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Example 2:

Let R be the region bounded by the curve y=—x*+1. Calculate the volume of the solid
formed when it is rotated about X —axis

Solution:

Example 3:

Let R be the region bounded by curve y=¢e*, and 2<x<5. Calculate the volume of the
solid formed when R is rotated about the x-axis.

Solution:
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Example 4:

The area R bounded by the curves y=+/x-2, and between0 <y < 2is revolved completely
about y—axis . Calculate the volume of the solid formed.

Solution:

49 | Mathematics Unit KMK 06010 Changlun Kedah



Chapter 1 : Integration QS025

Volume of Solids Generated By Revolving The Region Bounded By Two Curves

(@) Revolve About x Axis
Suppose that y 1 =f (x ) and y, =g (X ) are nonnegative continuous function such
that, f(x )>g (x)for a< x <b and let R be the region enclosed between the

graphs of these functions and the lines x = a and x = b. When this region is revolved
about the x-axis, it generates a solid .

The volume of the solid generated by revolving R about x-axis is

b
V=[7 (v, -y,")

or [V:

D ey T

7 ([T ~[900F )oix ]

y1=f(x)

Y2=9(X)

(b) Revolve About y-Axis

Suppose that x; = f(y)and x , =g (y) are nonnegative continuous function such
that, f(y) > g(y) for c<y < d and let R be the region enclosed between the
graphs of these functions and the lines y =c¢ and y =d. When this region is
revolved about the y- axis, it generates a solid.
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The volume of the solid generated by revolving R about the y-axis is

v :j. ”(Xlz — X, )dy
or | v= [ (lt)F -lo)F)ay
i
d 4
x1=f(y)
<:;
x=g(y) \ R

v

Example 5:

Find the volume of the solid generated when the area bounded by y =sinx and y =1-sinx
for 0 < x < 7 isrotated 360° about the x-axis.

(D
N

A

y

1

Solution:
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Exercise 9

1. The region bounded by y = tanx, and between 0 < x S% .Calculate the volume

formed when the region is rotated about x - axis.

2. Let R be the region bounded by f (x) = |x—4|, 0<x<4,andy - axis.
Find the volume of the solid generated by revolving the region R through 360° about
y -axis.

3. Region R is bounded by the curve x = ﬁ +3,x=3and y =4. Find the volume of
the solid formed when this region is rotated through 27 about y - axis.

. . 1
4. Calculate the volume of the solid when the region formed by y = x*,y = X and the

. 1. .
line X = E is rotated about x-axis.

Answer:

1. ﬁ[\/_—ﬂ unit®

2. %ﬂ' unit?
3

3. 40 7 unit®
4 129 unit®
' 160
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