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LECTURE 1 OF 8 
TOPIC: 9.0 DIFFERENTIATION       
SUBTOPIC: 9.1 Derivative of a Function 
 
OBJECTIVE: 
At the end of the lesson students are able to: 

(a) determine the derivative of a function  f(x) using the first principle 

  
0

lim)('
→

=
h

xf
h

xfhxf )()( −+  

 
9.1 Derivative of a function 
 

1. If  ( )y f x= , then dy
dx

= ' ( )f x = 



 −+

→ h
xfhxf

h

)()(lim
0

. This is called the first principle. 

' ( )f x  is the gradient of the tangent to the curve, ( )y f x= . 

2. The process of finding ' ( )f x is called differentiation. 

3. The notation that is sometimes used is that if  y = )(xf  is  

dx
dy   or  y’  or  ( )xf

dx
d   or  )(' xf  

For example, the derivative for 3xy =  can be written as ( )3x
dx
d  or just 

dx
dy . 

 
 
Example 1 
By using first principles, find ' ( )f x  for each the following. 

(a) cbxaxxf ++= 2)(   (c) xxf =)(  

(b) 2( )f x x=    (d) 
53

1)(
+

=
x

xf  
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LECTURE 2 OF 8 
TOPIC: 9.0 DIFFERENTIATION 
SUBTOPIC: 9.1 Derivative of a function 
 9.2 Rules of Differentiation 
 
OBJECTIVE: 
At the end of the lesson students are able to 
9.1  (b) determine the differentiability of a function at x a=  
 
9.2   (a)  apply the rules of differentiation: 

i. Basic rule 
ii. Sum rule 

 
 
9.1  b) To Determine the Differentiability of a Function at x a=  
 

A function  f  is differentiable at a point at x a=  if the derivative  
ax

afxfaf
ax −

−
=

→

)()(lim)('  

exist at x a= . 
 

( ) ( ) ( ) ( )'( ) lim lim
x a x a

f x f a f x f af a
x a x a− +→ →

− −
= =

− −
 

 
 
If a function is differentiable  at a point, then the function is also continuous at that point. 

However, a function may be continous at a point but not differentiable. This happens at point 

where there are corners or vertical tangents. 

 

 For example, 

 
  
 
       
 
                    
 
 
          Corner         Vertical tangent 
  
The slopes have different limits from the left and from the right, hence f  is not differentiable 
at x a= . 
 
 
 

a  x  

y  

a  x  

y  
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The Derivatives at a Point 
 
The derivative of the function f at x a=  is  

      
ax

afxfaf
ax −

−
=

→

)()(lim)('  

 
 
Example 2 
 
By using first principle, find ' ( )f a for each of the following. 
(a) ( ) 2 3f x x= + , 3=a      

(b)  ( )
1

1
+

=
x

xf , 8=a  

 
 
 
Example 3 
 

Given 




≥

<
=

0,
0,2

)( 2 xx
xx

xf . 

Is f differentiable at x = 0? 

 
 
Example 4 
 
Determine whether the function ( )f x x=  is differentiable at x=0. 
 
 
 

Example 5 

Show that 
2 3 , 1

( )
3 , 1

x x
f x

x x
 + ≤

= 
+ >

  is continous but not differentiable at 1x = . 
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9.2 Rules of Differentiation  

a)  Basic Rule 

i) if )(xf  = k, then )(' xf = 0 

ii) if )(xf  = nx , then )(' xf = n 1−nx  

iii) if )(xf  = nkx , then )(' xf = 1−nknx  

 

(i)   The Derivative of a Constant Function, ( )f x k=  

If k is any  real number, the derivative of  )(xf  = k   is  )(' xf = 0. 

In other words, the derivative of a constant function is zero. 

Example 6 

Find the derivatives of 

(a)  )(xf = 8  (b)  )(xf = 0.73  (c)  )(xf = 3  

 

 

(ii) The Derivative of a Function of the Form ( ) nf x x=  

If n is a real number, the derivative of    f(x) = nx   is    f ′(x) = 1−nnx  

 

Example  7

(a) ( )4x
dx
d   

(b) 







2
3

x
dx
d   

(c) 







2

1
xdx

d  

(d) ( )x
dx
d

 

(iii) The Derivative of a Function of the Form ( ) nf x kx=  

If k and n is a real number, the derivative of nkxxf =)(   is  1)(' −= nknxxf  

 

Example 8

Find the derivatives of  

(a) f(x) = 5x 

(b)  f(x) = 12x−   

(c) h(x) = 33 xπ  

(d) g(x) = 
3

5 4x  

(e) m(x) = 
x

12  
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b)   The Sum Rule of Differentiation 

 

If )(xu  and )(xv  are differentiable functions, 

the derivative of  )()()( xvxuxf +=  is  )(')(')(' xvxuxf +=  

and the derivative of )()()( xvxuxf −=  is  )(')(')(' xvxuxf −=  

 

Example 9 

 

(a) ( )24 xx
dx
d

+    

(b) ( )xx
dx
d 52 2 −   

(c) 







++ 223

x
x

dx
d  

 

 

Note : The differentiation of a function should be with respect to the independent variable for 

example, if 

i) y = f(x) then )(' xf
dx
dy

=  

ii) y = h(t) then )(' th
dt
dy

=  

and so on. 
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LECTURE 3 OF 8 
TOPIC: 9.0 DIFFERENTIATION 
SUBTOPIC: 9.2 Rules of Differentiation 
 
OBJECTIVE: 
At the end of the lesson students are able to 

(a)  Apply the rules of differentiation: 

      iii.   Product rule 

      iv.   Quotient rule 

       v.   Chain rule 

 
c) The Product Rule of Differentiation 

 

If )(xu and )(xv  are differentiable functions, the derivative of  

  )()()( xvxuxf =  

is  '( ) ( ) '( ) ( ) '( )f x u x v x v x u x= +  

 

The Product Rule can be written as ( ) ' 'd uv uv vu
dx

= +  

 

Example 10 

Differentiate each of the following functions 

(a) )27)(13()( 32 xxxp +−=  

(b) )15(3)( 2 += xxxh  

(c) 





 −






 += 3112)( 2xx

xf  
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d) The Quotient Rule of Differentiation 

 

If )(xu and )(xv  are differentiable functions, the derivative of 

)(
)()(

xv
xuxf =  is 

[ ]2)(
)(')()(')()('

xv
xvxuxuxvxf −

=  

 

The Quotient Rule can be written as 2

''
v

uvvu
v
u

dx
d −

=





   

 

Example 11 

Differentiate each of the following functions, 

(a) 
1
1)( 4

2

+
−

=
x
xxf    

(b) 
5

13
)(

+







−

=
x

xxf  

 

Example 12 

a) 





−
+−

45
)23)(21(

x
xx

dx
d  

b) 















+
−

1
21

x
x

dx
d  

 

 

 

e)  The Chain Rule of Differentiation 

 

If y = )(uf  is a differentiable function of u and  

   u = )(xg  is a differentiable function of x, then  

   y [ ])(xgf=  is a differentiable function of x and 

 dy dy du
dx du dx

= ×  
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Example 13 

Find 
dx
dy if 13 23 +−= uuy  and 22 += xu  

 

 

Example 14 

Differentiate the following with respect to x, using the Chain Rule. 

(a) 3)4( += xy   (c) 27 −= xy  

(b) 
94

1
+

=
x

y  

 

The General Power Rule of Differentiation 

 

In general, any composite function of the form [ ] nxfy )(= , involving some function )(xf  

raised to a rational power n, is called the General Power Rule, and it is a special case of the 

Chain Rule. 

Let   nuy = ,   where )(xfu = . 

Then  1−= nnu
du
dy ,  and  )(' xf

dx
du

=  

Using the Chain Rule, 

    
dx
du

du
dy

dx
dy

⋅=  

So    [ ][ ])('1 xfnu
dx
dy n−=  

   [ ] [ ][ ][ ])(')()( 1 xfxfnxf
dx
d nn −=   

 

Example 15 

Find the derivatives of  

(a) 35 )1()( += xxf   (b) 44 )692( +−= xxy  

Example 16 

Differentiate 
x

xxg
−

=
1

)(  
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Higher Order Derivatives 

 

Occasionally, it is useful to differentiate the derivative of a function. In this context, we shall 

refer to 'f  as the first derivative of f and to the derivative of 'f  as the second derivative of f.  

 

We could denote the second derivative by )''( f , but for simplicity we write ''f . Other 

higher-order derivatives are defined and denoted by '''f . In general, for ,3>n  the nth 

derivative of f is denoted by )(nf , for example, )4(f  or )5(f .  

 

In Leibniz notation, higher derivatives for )(xfy =  are denoted as follows  

First derivative 'y  )(' xf  
dx
dy  or [ ])(xf

dx
d  

Second derivative ''y  )('' xf  2

2

dx
yd

dx
dy

dx
d

=



  or [ ])(2

2

xf
dx
d  

Third derivative '''y  )(''' xf  3

3

2

2

dx
yd

dx
yd

dx
d

=







 or [ ])(3

3

xf
dx
d  

  

 

  
or 

 

nth y ( )n  ( ) )(xf n  
n

n

dx
yd  or [ ])(xf

dx
d

n

n

 

 

 

Example 17 

Find the first, second and third order derivatives of  

7592)( 234 +−+−= xxxxp  

 

            

... …
 

…
 

…
 

…
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LECTURE 4 OF 8 

 
TOPIC : 9.0  DIFFERENTIATION 
 
SUBTOPIC  : 9.3 Differentiation of  Exponential, Logarithmic and  
   Trigonometric Functions 
 
OBJECTIVES : At the end of the lesson students are able to 
 

(a) Determine the derivatives of the functions: 
i.  

( ) ( ), , ,x f x x f xa a e e   

ii. xln  and ( )xfln  
___________________________________________________________________________ 
 
SET INDUCTION: 
 
Before introducing the derivative of exponential and logarithmic functions, recall the 
derivative of functions which students have learn in previous lectures. 

[ ]

[ ] kckx
dx
d

k
dx
d

=+

= 0
 

[ ]

( )[ ] [ ] 1

1

)()( −

−

=

=

nn

nn

xfnxf
dx
d

nkxkx
dx
d

 

 
 
9.3 (a) (i) Derivatives of Exponential Functions 
 
 
1. For a simplest index function xa , 

    
( ) aaa

dx
d xx ln=  

 
Proof:    
     y = ax 

             taking ln of both sides, 

    yln = xaln  

    yln = ax ln  
 

Differentiating both sides with respect to x  

    dx
dy

y
1 = ( ) ( )( )1ln0 ax +  

  = aln  
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      dx
dy = ay ln  

            = aa x ln  
 
If m is a scalar, 

        ( ) amaa
dx
d mxmx ln=  

 
2. For the general exponential function, ( )xfa  where f(x) is a function of x, the derivative 

is given by  

        ( )( ) ( ) ( ) aaxfa
dx
d xfxf ln'=  

 
 
Example 18 
 
Differentiate the following with respect to x  
(a) xy 5=   (b)  534 += xy  (c)  5 23 xy −=  (d)  14 xy − +=  
 
 
 
3. For a simplest exponential function xe , 

      
( ) xx ee

dx
d

=  

 
If m is a scalar, 

       ( ) mxmx mee
dx
d

=  

 
4. For the general exponential function, ( )xfe  where f(x) is a linear function of x, the 

derivative is given by  

        ( )( ) ( ) ( )xfxf exfe
dx
d '=  

 
Proof ( by using chain rule ) 

         ( )xfey =  
Let   ( )                    uu f x y e= ⇒ =  

      
( )xf

dx
du '=

                     
ue

du
dy

=  

   So, 
dx
du

du
dy

dx
dy

×=  

  ( )xfe
dx
dy u '×=  

             ( ) ( )' f xf x e=  
 



  Mathematics QS 015 
  Topic 9 :Differentiation-Lesson Plan 
__________________________________________________________________________________________ 
 

15 
 

Example 19: 
 

Find 
dx
dy of the following: 

a) 
x

ey 2
1

=       b) 2 1xy e −=                     c) 3 57 xy e− +=    
       

Example 20 
Find the derivatives of the following functions 

(a) xxey =    (b) xe
xy 23 +

=    

(c) 23 xy e
x

−=
     (d)  

xx

x

ee
ey −+

=
 

    
9.3 (a) (ii) Derivative of Logarithmic Functions 
 
1. The natural logarithmic function xln  is differentiable for all 0>x . 

x
x

dx
d 1)(ln =  

 Proof: 
    y = lnx 
  xe y =  

             1=
dx
dye y  

  yedx
dy 1

=  

  
x

x
dx
d 1)(ln =  

 
Natural logarithmic functions of the form ( )( )xfy ln= , where ( )xf  is linear function 

of x ,   ( )[ ]xf
dx
d ln   =  ( )

( )xf
xf ′

 

Proof: (by using the Chain Rule) 
    ( )( )xfy ln=  

Let    ( ) uyxfu ln=⇒=  

udu
dy 1

=  and ( )xf
dx
du ′= .  

 
Using the Chain Rule 

 
dx
dy =

dx
du

du
dy

⋅  

       = ( )( )xf
u

′





 1  

      = ( )
( )xf
xf ′
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Example 21 
 
Differentiate the following with respect to x . 

(a) x3ln    (b) ( )1 ln 5 3
2

x−    (c) 7 ln( 2 1)y x= − +  

 

      
 

 
Example 22 
Find the derivatives of the following 

(a) xxy ln=    (b) xe
xy ln

=  
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LECTURE 5 OF 8 
 
TOPIC : 9.0  DIFFERENTIATION 
 
SUBTOPIC  : 9.3 Differentiation of  Exponential, Logarithmic and  
   Trigonometric Functions 
 
OBJECTIVES : At the end of the lesson students are able to 
 

(b) Determine the derivatives of the functions: 
iii.  xecxxxxx cot,cos,sec,tan,cos,sin   
iv.  sin ,cos , tan ,sec ,cos ,cotu u u u ecu u  
v.  sin ,cos , tan ,sec ,cos ,cotn n n n n nx x x x ec x x  

 
 
Derivatives of the functions sin x, cos x, tan x, sec x, cot x, and cosec x 
 
 
      
 
 
 
 
 
 
 
Note : Differentiation of the above formulae are only true for angles which are measured in 

radians. 
 
Example 23 
Differentiate with respect to x. 

   a) 2 sin x – 3 cos x      b) 4 tan x - 
x
5     c) 4 cos x + 3 tan x     d) 4 sin x – 5 – 6 cos x 

      
 

a) xx
dx
d cos)(sin =                                    d) xecx

dx
d 2cos)(cot −=  

      b) xx
dx
d sin)(cos −=    e) xxx

dx
d tansec)(sec =  

     c) xx
dx
d 2sec)(tan =     f) xxececx

dx
d cotcos)(cos −=  
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Derivatives of the functions sin u, cos u, tan u, sec u, cot u, and cosec u 
 
 
 
 
 
 
 
 
 
 
Example 24 
Find the derivatives of : 

a) cos ( 5x + 4 )        b) sin ( ln x )       c) tan ( )3
6
1 x−π    d) sec ( 2x + 3 ) 

 
 
 
 
Derivatives of the functions sin ,cos , tan ,sec ,cos ,cotn n n n n nx x x x ec x x  
 
 
 
 
 
 
 
 
 
 
Example 25 
Differentiate each of the following functions with respect to x. 
a) y = sec2 x   b) y = sin3 ( x2 + 1 )  c) y = cosec4 x   d) y = cot2 3x 
 

 
 
 
 
 
 
 
 

a) (sin ) cos ( )d du u u
dx dx

=                             d) 2(cot ) cos ( )d du ec u u
dx dx

= −  

      b) (cos ) sin ( )d du u u
dx dx

= −    e) (sec ) sec tan ( )d du u u u
dx dx

=  

     c) 2(tan ) sec ( )d du u u
dx dx

=    f) (cos ) cos cot ( )d decu ecu u u
dx dx

= −  

a) 1(sin ) sin cos ( )n nd du n u u u
dx dx

−=              d) 1 2(cot ) cot cos ( )n nd du n u ec u u
dx dx

−= −  

b) 1(cos ) cos sin ( )n nd du n u u u
dx dx

−= −          e) 1(sec ) sec sec tan ( )n nd du n u u u u
dx dx

−=  

c) 1 2(tan ) tan sec ( )n nd du n u u u
dx dx

−=  f) 1(cos ) cos cos cot ( )n nd dec u n ec u ecu u u
dx dx

−= −  
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LECTURE 6 OF 8 
 
TOPIC :  9.0 DIFFERENTIATION 
 
SUBTOPIC   :  9.3 Differentiation of Exponential, Logarithmic and Trigonometric 

Functions 
 
OBJECTIVE: 
At the end of the lesson students are able to  
(b) solve problems involving the combination of differentiation rules 
 
Solve Problems of Differentiation  
 
Example 26 
Find the first derivatives of the functions given below 

(a) ( ) ( )3 2 1xf x e x= −    (b)     ( ) x

x

e
exf
+

=
1

2

 

(c)    ( ) ( )2 ln 3 1f x x x= +    (d)     ( ) 1sinf x x
x

=  

 
 
 
Example 27 

Given ( ) xexy 243 −+= , find 
dx
dy  and 2

2

dx
yd  and show that 0442

2

=++ y
dx
dy

dx
yd  

 
 
 
Example 28 
Find the derivatives of the function given 
below 
(a) ( ) 232 +−= xexxf   (b) ( ) xxxf ln3

2=   (c) ( ) xxxh ln2=   

(d) 
2 sec (2 3)y x x= + +  (e)  y = sin x cos3 x 
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LECTURE 7 OF 8 
 
TOPIC: 9.0 DIFFERENTIATION 
 
SUBTOPIC: 9.4 Implicit Differentiations 
 
OBJECTIVES: 

At the end of the lesson students are able to 

(a)    find the first and second derivatives implicitly. 

 
Implicit Differentiation 
 
 
The function y = f(x) is said to be in explicit form. For example, the functions 

2
2

3
1and25,12 








+
−

=−=+=
x
xyxyxy are all functions defined explicitly. 

 
But not all functions can easily be transposed to the form y = f ( )x . For example, the 
functions 32 2 =−+ yxyy . It cannot be written in the form ( )xfy = , and y = f(x) is implied 
by the functions 32 2 =−+ yxyy . In other words, function 32 2 =−+ yxyy  is an implicit 
function. 
 
Suppose 22 64 xxy =+  

 ( ) ( ) ( )22 64 x
dx
dx

dx
dy

dx
d

=+  

Thus x
dx
dyy 1242 =+

 
 

The First Order Derivatives 
 
Example 29 

Find 
dx
dy  in term of x  and y  if 

 
(a) 23 6 xxy =+   (b) 32 23 xxyyy =++   (c) 2ln xx y e=  
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The Second Order Derivatives 
 
Example 30 
 

Given that, equation of a curve is 61543 22 −=+ xyyx . Find the value of 
dx
dy and 2

2

dx
yd at the 

point (1, 3). 
 
 
 
Example 31 

Given that xxy 3sin= , show that 0922

2

=++ xy
dx
dy

dx
ydx . 

 
 
 
Example 32 
 
The curve ykxyx 233 +=+ passes through the point (1, -1). 
 
(a) Determine the value of the constant k. 

 

(b) Find the value of 
dx
dy at the point (1, -1). 

 

(c) Show that 066)23(
2

2

2
2 =+






+− x

dx
dyy

dx
ydy . 
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LECTURE 8 OF 8 
 
TOPIC :  9.0 DIFFERENTIATION 
 
SUBTOPIC : 9.5 Parametric Differentiations 
 
OBJECTIVES: 
 
At the end of the lesson, student will be able to: 

(a)  Use parametric differentiation to find the first and second derivatives 

 
First derivative of  parametric differentiation 
 
Definition :  
 
If x and y are both function of the same independent variable t, then the equation 

)(tfx =   and  )(tgy =   
are called parametric equations and t is called the parameter.  
 
We can differentiate parametric equation using the chain rule 
 

dx
dt

dt
dy

dx
dy

×=  

 
Example 33 
 

Find 
dx
dy  in terms of the parameter t if  

(a) 32tx = , 14 2 += ty    (b) 
t

x 3
= , 21 ty +=  

 
 
Example 34 

If 
t

tx
+

=
1

 and 
t

ty
+

=
1

2

, 1−≠t , show that )2( += tt
dx
dy . 

 
 
Example 35 

Find the value of 
dx
dy  if 

t
tx 1
−= , 

t
ty 42 +=  when t = 2. 

 
 
Example 36 
 

Find 
dx
dy  in terms of the parameter t  if   tx 3cos−=  and ty 3sin2 2=  
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Second derivatives of parametric equations 
 

The answer for  
dx
dy  are usually in terms of the parameter, t, so in order to find the second 

derivative 2

2

dx
yd , we will apply the chain rule again.  

 
If )(tfx = and )(tgy = , (t is parameter) 

  





=

dx
dy

dx
d

dx
yd
2

2

dx
dt

dx
dy

dt
d

⋅





=  

 

Thus            
















=

dt
dx

dx
dy

dt
d

dx
yd
2

2

 

 
 
Example 37 
 
The terms of parameter t is given by  

2)1(
2
t

x
−

=   and  
t

ty
−

=
1

 

(a) Show that ( )t
dx
dy

−= 1
4
1   (b) Find 2

2

dx
yd  

 
 
Example  38 

Find 
dx
dy  and 2

2

dx
yd  in terms of t   given that 

t
x 1

= , 23 2 += ty . 

 
     

Example 39 
 

If 
t
tx

−
+

=
1
1  and )1)(1( 2tty −+=  where t is a parameter, find  

(a) 
dx
dy     (b) 2

2

dx
yd  

 
 
Example 40 
If ttex 2=  and tey 2= , find  

(a) 
dx
dy    (b) 2

2

dx
yd  

 
when t = 0. 


